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ABSTRACT
Let K be any field which may not be algebraically closed, K(z1, %2, z3) be
the rational function field of three variables over K, and o: K(z1,x2,%3)
— K(z1,%2,z3) be a K-automorphism defined by
o2 = (aix; + bi)/(cizi + di)

where a;,b;,¢;,d; € K and a;d; — b;e; # 0. Let oy = (‘Z Zﬁ) €
1 (]

PGL2(K), fi(T) = T? - (a; + ;)T + (a;d; — b;c;) € K[T] be the
“characteristic polynomial” of o;.

THEOREM: Assume that charK # 2. Then the fixed field
K(z1,2,23)<°> is not rational (=purely transcendental) over K if and
only if (i) for each 1 < ¢ < 3, f;(T) is irreducible; (ii) the Galois group
of f1(T)f2(T)f3(T) over K is of order 8; and (iii) for each 1 < i < 3,
ord(o;) is an even integer.

1. Introduction

Let K be any field, K(z1,...,2,) be the rational function field of n vari-
ables over K. If G is a finite subgroup of GL,(K), then G acts naturally
on K(x1,...,7,) by K-automorphisms defined by ¢ - z; = Yoi<icn @i Ti if
0 = (aij)1<ij<n € G. Noether’s problem asks: under what situations is the
fixed field K(z1,...,3,)% = {f € K(z1,...,%,) : 0- f = fforanyo € G}
rational (=purely transcendental) over K? Noether’s problem is related to the
existence of the generic Galois G-extensions over K, which will imply an affir-
mative answer to the inverse Galois problem in case the base field is an algebraic
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number field. For a survey of Noether’s problem and related topics, see [Sw2,
Sa2, Ke, Ka2].

In solving Noether’s problem, it is almost inevitable to consider the rationality
problem of group actions other than finite subgroups of GL,(K). For example,
consider the K-automorphism o: K(x1,...,2,) — K(x1,...,2%,) defined by
o-x; = a;/x; where a; € K\ {0}. Giles and McQuillan provided the first answer
to the rationality problem of this kind.

THEOREM 1.1 (Giles and McQuillan [GQ]): Let K be any field and o: K(z,y)
— K(z,y) be a K-automorphism defined by o - x = a/z, 0 -y = b/y where
a,b€ K\ {0}. Then K(z,y)<°> is rational over K.

In [GQ] only the rationality is asserted; the explicit generators for K (z,y)<>
are given in

THEOREM 1.2 ({HK1, (2,7) Lemma; Kal, Theorem 2.4]): Let the assumptions
be the same as in Theorem 1.1. Then K(z,y)<°” = K (u,v) where

_a-G@fy) _ _y-(fy)
zy — (ab/zy)’ zy — (ab/zy)
The situation of n = 3 is rather intricate and is solved by Saltman.

THEOREM 1.3 (Saltman [Sa3]): Let K be any field with char K # 2, and
o: K(z1,29,23) — K(x1,22,23) be a K-automorphism defined by o - z; =
a;/z; where a; € K\{0}. If [K(\/a1, /a2, y/a3) : K| = 8. Then K(z1,x2,23)<7>
is not retract rational over K.

Note that rationality implies stable rationality, and stable rationality implies
retract rationality.

We remark that the article [Sa3] exemplifies elegantly the machinery of retract
rationality developed by Saltman in [Sal] via solving this concrete case that
K(z1,%2,23)<~ is not retract rational; meanwhile, a necessary and sufficient
condition for K(z1,...,2,)<?” to be rational (if n > 3) can be deduced from
Theorem 1.3 easily. (See Theorem 4.4.) On the other hand, in view of Theorem
1.3, it will be interesting to consider the general case:

O-T; = (aia:i + bi)/(cixi + di),

i.e. the K-automorphism provided by the projective transformation on
P! x P! x P'. Note that the answer to the 2-dimensional case is always
affirmative. (See Theorem 2.3.) The main results of this paper are the
following.
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THEOREM 1.4: Let K be any field with char K # 2, and o: K(x1,%2,13) —
K{z1,z2,23) be a K-automorphism defined by o - z; = (a;z; + b;) /{cizs + dy)
where a;, b;,¢;,d; € K and a;d; — b;c; # 0. Let

i b
0; = (‘cl dz-) € PGLy(K),

and fi(T) = T? — (a; + d;)T + (aid; — bic;) € K[T) be the “characteristic
polynomial” of ;. Then K (z1,22,23)<°~ is not rational over K if and only if (i)
for each 1 <14 < 3, f;(T) is irreducible; (ii) the Galois group of fi(T') fo(T) fs(T')
over K is of order 8; and (iii) for each 1 < ¢ < 3, ord(s;) is an even integer. If
K(x1,29,23)<9” is not rational, it is not retract rational over K.

THEOREM 1.5: Let the assumptions be the same as in Theorem 1.4 except that
we now assume char K = 2. Then K(x1,%q,23)<?" is always rational over K
except possibly the case where, for each 1 <1 < 3, fi(T) is irreducible and is of
the form T? — a;.

Note that, in the exceptional case of the above Theorem 1.5, we can find
y1,Y2,¥s € K(21,22,23) such that K(z1,29,23) = K(¥1,y2,y3) and 0 - y; =
ai/yi;. We do not know the answer to this exceptional case.

We explain briefly the idea of the proof of Theorem 1.4. We embed
K(x1,22,23) in K(vi,wy,v2,w2,v3,w3) by 2; = v;/w;. We extend the action
by o(v;) = av; + bjw,, o(w;) = ¢;v; + djw;. The case when f;(T) is reducible
or when ord(c;) is infinite for some i is easy and is treated first. So we may
consider only the situation when all f;(T) are irreducible. Let L be the splitting
field of fi(T)fo(T)f3(T) over K. While the action of ¢ on K(z;) is fractional
linear, the action becomes linear in L(z;), i.e. there exist X, X2, X3 such that
L(zi,2q,23) = L(X1, X2, X3) and o(X;) = A\, X; where \; € L and ord()\;) =
ord(o;). Carrying out a long and tedious analysis of these orders, we are able
to find 21, 22,23 €< Xy, X2, X3 > such that L{(X, X, X3)<7> = L(z1, 22, 23).
Since K(z1,%2,23)<°> = L(21,22,23)¢ where G = Gal(L/K), the question
is reduced to the birational classification of algebraic tori. Apply Voskresen-
skii’s Theorem on two-dimensional algebraic tori and Kunyavskii’s Theorem on
three-dimensional algebraic tori. We will get a rationality criterion. The above
method is valid not only for fields K with char K # 2, but also for the charac-
teristic two case provided that all the polynomials f;(T') are separable. We then
use Saltman’s Theorem combined with Kunyavskii’s Theorem to show that, if
some fixed field is not rational, then it is not retract rational.
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STANDING NOTATION. In this paper, K will always denote a field; it is unnec-
essary to assume that char K = 0 or K is algebraically closed. K(x1,...,55)
denotes the rational function field of n variables over K. A field extension L of

K is rational over K if L is purely transcendental over K, i.e. L ~ K(z1,...,Z,)
for some n; L is called stably rational over K if there exist elements y1,...,yn,
algebraically independent over L such that L(y:,...,yn) is rational over K.

The reader is referred to [Sal] for the definition of retract rationality. If g is an
element in some group G, ord(g) denotes the order of g; in particular, if A is
some non-zero element in a field, ord(A\) < oo is nothing but that X is a root of
unity.

2. Generalities

First we recall several results which will be used repeatedly throughout this
article.

THEOREM 2.1 ([HK2, Theorem 1]): Let G be a finite group acting on
L(zy,...,zy,), the rational function field of n variables over a field L. Suppose
that

(i) for any o € G,0(L) C L;

(ii) the restriction of the actions of G to L is faithful;

(iil) for any o € G,
o(zy) z1
: = A(o) ( : ) + B(o)

a(xy) Tn

where A(o) € GL,(L) and B(o) is on n x 1 matrix over L.
Then there exist z1,...,2n € L{(21,...,%,) such that

L(xq,...,2n) = L(z1,...,2,)

with 0(z;) = z; for any 0 € G, any 1 < i < n.

THEOREM 2.2 ([AHK, Theorem 3.1)): Let G be any group whose order may be
finite or infinite. Suppose that G acts on L(z), the rational function field of one
variable over a field L, such that, for any 0 € G,o(L) C L and o(x) = a, -z +b,
for some a,,b, € L with a, # 0. Then L(z)¢ = L® or LY(f(z)) where
f(x) € L[x] is of positive degree.
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THEOREM 2.3 ([AHK, Theorem 1.4]): Let K be any field and o: K(x1,%2) —
K(x1,12) be a K-automorphism defined by o -z; = (a;z;+b;)/(c;iz; +d;) where
ai, b;,¢i,d; € K with a;d; — bic; # 0. Then K(x1,x2)<°” is rational over K.

Finally, we recall two results about algebraic tori. For general notions of
algebraic tori we refer to Voskresenskii’s monograph [Vo2]. Here, we just give
an algebraic formulation of an algebraic torus defined over a field K: Let L
be a finite Galois extension of K with Galois group G, L(z1,...,z,) be the
rational function field of n variables over L, and p: G — GL,(Z) be a group

homomorphism. Then the action of G on L can be extented to L(zy,...,%,)
by
ToxTj = H z."
1<i<n

where p(7) = (nij)i<ij<n € GLn(Z) for any 7 € G. The fixed field
L(zy,...,2,)¢ is the function field of some n-dimensional algebraic torus
defined over K and split by L.

THEOREM 2.4 (Voskresenskii [Vol]): All the two-dimensional algebraic tori are
rational.

Remark: The birational classification of three-dimensional algebraic tori is
proved by Kunyavskii [Ku]. See [Ku, Theorem 1] for details. Note that the
notation for various integral representations p: G — GL3(Z) in [Ku, Theorem
1] is different from that in [Ta]; however, a correspondence of these two systems
of notation can be found in [Ku, pp. 9-11}].

COROLLARY 2.5: Let L be a finite Galois field extension of a field K with
Galois group G, p: G — GL3(Z) a group homomorphism. Let G act on the
rational function field L(x1, z2,23) as described before. If p is a decomposable
representation, then L(xl,a:2,:1:3)G is rational over K.

Proof: Since p is decomposable, we may assume that 7(z1), 7(z2) €< 71,72 >,
7(x3) = 23 or 73! for any T € G where < 1,25 > is the multiplicative subgroup
generated by z; and .

Define y = (1+xz3)/(1—=x3) if char K # 2 (resp. y = 1/(1+x3) if char K = 2).
Then 7(y) =y or —y (resp. 7(y) = y or y + 1). Apply Theorem 2.1. It suffices
to consider the rationality of L(2;,22)¢. But L(x1,25)¢ is rational over K by
Theorem 2.4. ]
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3. The first step of the proof

We shall prove Theorem 1.4 and Theorem 1.5 together. Thus in this section,
K is any field unless otherwise specified, o: K(z1,22,23) — K(Z1,22,%3) is
the K-automorphism considered in Theorem 1.4 and Theorem 1.5. Recall the
definitions of 01, 02,03 and f1(T), fo(T), f3(T) there.

For 1 < i < 3, define V; = Kv; + Kw; with ¢ acting on the rational function
field of six variables over K, K(vy,w,v2, w2,v3,w3), by ¢ - v; = a;v; + bw;,
o - w; = ¢u; + dyw;. We may identify x; with v; /w;.

PROPOSITION 3.1: If f(T) is reducible for some i, then K(zy,x2,23)<?” is
rational over K.

Proof: We may assume that f3(7) is reducible. Thus the eigenvalues of o3
lie in K and we may find vq,ws € V3 such that V3 = Kvy + Kwy and wy is
an eigenvector of ¢ when o is restricted to V3. Clearly, K(z3) = K(y) where
y = v4/wq; moreover, o(y) = ay+p for some a, f € K with a # 0. By Theorem
2.2, K(x1,22,23)<°> = K(z1,%2,y)<°" is rational provided that K (z1,22)<"~
is rational. But K (z1,z2)<°”is rational by Theorem 2.3. |

Because of Proposition 3.1 we will assume that fi(T), fo(T), f3(T) € K[T]
are separable irreducible from now on. Note that this assumption will take care
of the remaining part of Theorem 1.4 and parts of Theorem 1.5.

Let a4, 8; be the roots of f;(T) = 0 in some extension field of K. Let L =
K(a1,a2,a3) and G = Gal(L/K) be the Galois group of L over K. Note that
|G| = 2,4 or 8. Define

)\,':ai/ﬂi fOI‘lS’iS&

Note that ord(¢;) = ord(\;). For each 1 < ¢ < 3, find a vector u; € V;
such that u; and ¢ - u; form a basis of V;. (This is possible because f;(T) is
irreducible.) Define Y;, Z; € V; @k L by

Yi= (0 - Biui, Zi= (0~ ai)ui.

We shall extend the actions of ¢ and G to L(x1,z2,23) and L(vy, w1, va, w2,
v3,w3) by requiring o(a;) = oy, 7(x;) = @4, 7(v;) = v, T(w;) = w; for any
1<i<3andany 7 € G. Define X; € L(v;,w;) by X; = Y;/Z;. It follows that
L(z;) = L(X;) for 1 < < 3. It is easy to verify that

o-Yi=aYi, o0-Zi=pZ;; o-Xi=AX;
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Moreover, for any T € G, we find that

- Zl' ifT~Ozi=ﬁi,
T'YZ—{Yi if7-a; =aq.

Hence for any 7 € G,

v o JUX i rea =By,
T Xl‘{Xi ifT'CYi:Oti.

Note that
K(xl » T2, 333)<0> = {L(xl y T2, x3)G}<C/>

— L(l‘l , T2, x3)<G,(T>

= L(Xl,Xg, X3)<G’d>.

Let < Xl,XQ,Xg >i= {X{“X;WX-;% S L(Xl,Xz,Xg) \ {O} i n1,N2,ng € Z}
and define a G-equivariant map ¢ by

0 < X1, X, X3 >— L
XP XX o o(XP X2 X)X XF2XPe.

Since < Xi, X2, X3 > is isomorphic to a free abelian group of rank three,
it follows that Ker ¢ is a free abelian group of rank ¥ < 3. Thus Kerp =
< My, ..., My, > where each M; = X' X3 X3* with a;; € Z. It follows that
L[Xl, XQ, X3, 1/(X1X2X3)]<0> = L[Ml, ey ML] Since L(Xl, Xz, X3)<U>
equals the quotient field of L[Xy, X2, X3]<°> (see the proof of [AHK,
Theorem 3.1]), it follows that K (z1,z2,23)<°” = L(M,... , Mp)C.

LEMMA 3.2: Foreach € G, 7- M; = M{™ -+ M)** for 1 <1 < k where b;; €

Z. In particular, L(My, ..., M) is the function field of some k-dimensional
algebraic torus defined over K and split by L.

Proof: Since ¢ is G-equivariant, it follows that Ker ¢ inherits a G-module
structure from that of < X;, X5, X3 >. Thus 7- M, €< My, ..., M > for any
TEQG. ]

PROPOSITION 3.3: Suppose that f;(T) € K|[T] is separable irreducible for each
1 <4 < 3. Assume furthermore that either |G| = 2 or ord(o;) is infinite for
some 1 <1 < 3. Then K(xy,z2,x3)<?” Is rational over K.

Proof: If ord(o;) = ord(});) is infinite, then the rank of the image of ¢ is > 1 and
rank(Ker ¢) < 2. If rank(Ker(p)) = 2, then K(z1,79,23)<7” = L(My, M) is
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rational by Theorem 2.4. If rank(Ker ) = 1, then L(M;)C is of transcendental
degree one and K (z1,z2,23)<?” is rational by Liiroth’s Theorem.

Now assume that |G| = 2. Write G =< 7 >. By Reiner’s Theorem on integral
representations of cyclic groups of order p [Swl, Theorem 4.19, p. 74], there exist
Ny, ...,Ngsuch that < Mi,..., M >=< Ny,...,N; > and 7-N; = Nf* where
€; = lor—1. If char K # 2, define A; = (1-N;)/(1+N;). Wefind 7-A4; = ¢;4;.
Thus L(M,,...,My) = L(Ny,...,Ny) = L(Ay, ..., Ax). Apply Theorem 2.1 to
find Bi,...,By such that 7(B;) = B; and L(Ai,...,Ax) = L(Bi,...,B).
Thus L(Ml,.. .,Mk)G = L(Bl,. ..,Bk)G = LG(Bl,. .. ,Bk) = K(Bl,. ..,Bk)
is rational over K. If char K = 2, define 4; = 1/(1+ N;). We find that
7-A; = A; or A; + 1 according to ¢; = 1 or —1. Use Theorem 2.1 again and
proceed as before. We find K (1,29, 23)¢ is also rational. |

Because of Proposition 3.1 and Proposition 3.3, from now on we shall assume
that (i) each f;(T) € K|[T] is separable irreducible, (ii) |G| = 4 or 8, and (iii)
ord (o;) = ord();) is finite for 1 < ¢ < 3. We shall analyze the orders of A; in
the remaining part of this section. (Remember that ord(};) is an odd integer
whenever char K = 2.)
Let o; = ord()\;) and d = ged{o1,09,03}. If {i,5,k} = {1,2,3}, define e; =
ged{o;,0r}/d and h; = 0;/(dejer). Since ged{e;,ex} = 1, all the e; and h; are
integers.
In summary, we have the following properties whose proof may be verified by
comparing the exponents of a fixed prime number.
(i) 01 = dezeshy, 02 = dejeshs, 03 = dejeshs;
(ii) ged{o1,02,03} = d, ged{o1,02} = des, ged{o1,03} = dez, ged{oz,03} =
dey;

(iii) e, e2,es are pairwisely relatively prime; hy, hg, hs are pairwisely relatively
prime; ged{e;, hi} =1for 1 <i<3;

(iv) lem{oy, 02,03} = derezeshihohs.

Define E = dejeges and F = Ehjhahs. Then of - X; = APX, for 1 <1< 3
and ord(o) = F.

Define y; = Xl-h" for 1 < i < 3. It follows that L(Xl,Xg,X3)<"E> =
L(y1,y2,y3). Moreover, if 7 € G, then

roy = LY if 7 0 = ay,
vi 1y if7-o; =5

We write (; = /\f", Thus o - y; = (;y; and ord((1) = deges, ord((2) = dejes,
ord((3) = dejes. Note that the order of o € Aut(L(y1,y2,y3)) is E(= dejezes).
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Now consider the action of G on L(y;, y2,¥3)-
Note that [K(a;) : K] = 2for 1 < ¢ < 3. If |G| = 4, then either of
K(o),K(as), K(as) are distinct subfields of L or precisely two among
K(a1), K(02),
K(a;) = K(as) without loss of generality. Hence we have the following

K (a3) will coincide; in the latter situation, we may assume that

possibilities.
Case 1: |G|=4and G=<mn,m >.
Case 1.1: K(a1) = K(ag).

Tioar = B, az = Py, az > asz,

Toi Q1 M O, Qg = Q9, a3»—>ﬁ3.
Case 1.2:  All the K(q;) are distinct.

oy 1, ag e az, oz P,

Tiar o1, v B, ag > B3
CAsE 2: |G| =8and G =<1, 7,73 >.

o & P, Qg e, as & oas,
Tyiay o1, Qg Py, Qg as,

T3: Q1 > 1, Qg — (g, Of3l—)53.

Now we will find new variables w, 29, 23 such that L(yy, y2,v3) = L{w, 22, 23)
satisfying o - w = { - w,0 - 20 = 23,0 - 23 = z3 where ( is a primitive E-th root
of unity.

In fact, we will choose { as follows. Let ¢ be a primitive E-th root of unity
such that (¢! = {;. Note that ¢ is a generator of the cyclic group < (1,{3,{3 >.
For 2 <4 <3, since < {; > and < (* > are the same cyclic subgroup, we may
write {; = (“¢ for an integer ¢; satisfying the property that ged{c;, E/e;} = 1.

Since e; and czeq are relatively prime, we may find integers a and b so that
ae; + beges = 1.

Define w = yul, 22 = y; 2“2yl 23 = y; 2y, "% y;. Since
a —Cg2€2 —AC3€3
det | b €1 ~beses | =1,
0 0 1

we find that L(y1,y2,y3) = L(w, 22, 23). It is easy to see that o-w = (-w, 025 =
29,0 - 23 = z3. It follows that L(yy,y2,y3)<?” = L(z1, 22, 23) where z; = w”.
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Note that, for 1 < i < 3, yF/®

Although we will not use the following explicit formula, we record it here:
Y/ = oy O o = Bl Pl = il

It is routine to verify the actions of G on z1, 29, z3. We list them as follows.

is fixed by . Thus it belongs to L(z, 22, 23).

CasE 1.1: K(ap) = K(as).

iz e 2,z zpt, 23 e zgwi6e®d
Toi 21 V> 21, 29V 29, 23+ z;lw‘m“.
Casg 1.2:  All the K(«;) are distinct.
E_bE —-1_2 —2b
GE leyl" yz o zar 2y YR, zg e a3 lyy 00,
- -2 -2
Toi 21 > Y y2 E e Zoy3 26, 23 2y ly;Pocees,
Case 2: |G |=8
I 21 P Yy “EygE, 29 ¥ 2o 1y§el, 23 > 2 y2“353
2b
T2t 21 H> Y y2 , Zp > z2y2 1 2z e zayy 0%,
T3:21 > 21, RZo+rr2z2o, 23 H23y37
In view of Lemma 3.2 with {Mi,..., My} = {21, 22, 23}, it is necessary that

(i) WP €< 2, 29,23 > for Case 1.1, (ii) y22e9%, y2¢1 20 e 21 25,25 >
for Case 1.2, (iii) y79°3¢3, y2¢1, 4203 2 €< 21, 2, 23 > for Case 2.

LEmMMA 3.4:
(i) In Case 1.1, it is necessary that E/e3 =1 or 2.
(ii) In both Case 1.2 and Case 2, it is necessary that E =1 or 2.

Proof: (i) Since w23 €< 2y,23,23 >, w?®® is fixed by 0. On the other
hand, o - w = ¢ -w. Thus ¢?%% = 1. Since (%% = (3, it follows that ¢ = 1.
Hence 2 is divisible by E/e3.

(ii) Since o-y1 = {1 - y1,0 - y2 = (o - ya, it follows that 2acses is divisible
by E/ei, and both 2e; and 2bcges are divisible by E/es. It follows that all
of 2aczeqes, 2e1eq, 2bcseses are divisible by E. Since acze;es, ejes, bezeses are
relatively prime, hence E will divide 2. |
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4. Main results

We will retain the assumptions and notation in Section 3 until we finish the
proof of Proposition 4.3. In particular, recall K (z1,x2,23)<°> = L(z1, 22, 23)°.

LEMMA 4.1: In both Case 1 and Case 2, if E = 1, then K(z1,%2,73)<°" Is
rational over K.

Proof: Note that K(z;,z2,23)<°> = L(y1,y2,3)<"®>. Because E = 1, all
the y; are fixed by o. It remains to consider L(yi,v2,ys)¢, which is rational
over K since the associated representation G — GL3(Z) is decomposable and
thus we may apply Corollary 2.5. |

LEMMA 4.2: In both Case 1.2 and Case 2, if E = 2 and d = 1, then
K(x1,®2,%3)<° Is rational over K.

Proof: We will prove the situation e3 = 2 only; the proof of other situations
are almost the same.

Note that o-y1 = ~y1,0-y2 = —y2,0-y3 = y3. Define wy = y1ys, w2 = y7 'yo.
It follows that L(yy,y2,y3)<°” = L(wi,ws,ys). The actions of G on wy, w2, ys3
for Case 1.2 (resp. Case 2) arise from a decomposable integral representation.
Thus L(wy,ws,ys)¢ is rational over K by Corollary 2.5. [ |

PROPOSITION 4.3: Assume that f;(T) € K[T] is separable irreducible and
ord(A;) < oo for 1 < i < 3. Then K(x1,z3,23)<°> is not rational over K
if and only if |G| = 8 and ord()\;) is an even integer for 1 < i < 3. If
K(x1,x2,23)<7> is not rational over K, it is not stably rational over K; in
this situation, K(xy,z2,13)<°> is isomorphic over K to the function field of
the algebraic torus Ws (see [Ta, p. 187]) defined over K.

Proof: The case when |G| = 2 is solved by Proposition 3.3. Hence it suffices
to consider the case |G| =4 or 8. We will adopt the notation Case 1.1, 1.2, and
Case 2 in Section 3.

Case 1.1:  K(a1) = K(ag).

By Lemma 3.4 (i), E = e3 or 2e3. Thus we may write w2 = (wF)2ses/F =
2;° where e = 2if E = e3, and ¢ = 1 if E = 2e3. The actions of G on 21, 22, 23
are given by

1 EC3

T 21 &2, zw—)z;l, Z3 &> 2y 023,

Toiz1 F> 21, Zo Wy Za, 23 F zl‘“3z3_1.

By Corollary 2.5, L(z1, 2, 23)€ is rational over K.
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CasE 1.2:  All the K{a;) are distinct.

By Lemma 3.4 (ii) either E =1 or E = 2.

If E=1 (resp. E =2 and d = 1), we may apply Lemma 4.1 (resp. Lemma
4.2) to conclude that K(z1,xs,23)<°” is rational. It remains to consider the
situation when F =d = 2.

Note that 0 - y; = —y; for 1 < ¢ < 3. Define z; = yoys, 29 = Y1¥3,23 =
y1y3—1. Since [L(y1,y2,ys) : L(z1, 22, 23)] = 2, it follows that L(y;,ys,y3)<> =
L(z1, 22, 23). The actions of G on z1, 29, 23 are given by

T 21— 212’_123 29 P 23 > 27!
2 ’ 2 3

To: Z21 21_1, Zo > 23, Z3 > 2o,

The matrices associated to 7o and 717 are

-1 0 0 -1 0 0
T = 0 0 1}, nmr= 1 0o -11,
0 1 0 -1 -1 0

which is the Case W14 in [Ta, p. 174]. The corresponding 3-dimensional algebraic
torus is rational by [Ku, Theorem 1]. See [Ku, p. 9, line 7] also.
Case 2: |G |=8.
By Lemma 3.4 (ii) either E =1 or E = 2. Asin Case 1.2 it suffices to consider
the situation when E =d = 2.
Again o - y; = —y; for 1 <4 < 3. Thus L(y1,y2,y3)<?> = L(21, 29, 23) where
21 = Y2Y3, 22 = Y1Y3, 23 = ylyé‘l. The actions of G on #1, 22, 23 are given by
.21 21, 22 r—>z3‘1, 23 |—+22"1,
T2: 21 HZI-IZQZ:;I, 29 W 29, 234> 23,

T3: 21 — 2122_123, 2o v 23, 23 Zo.

Thus the matrices associated to 7573, 7172 and 137273 are

-1 0 0 -1 0 0 -1 0 0
=0 0 1], nim=|1 0 -=-1), =0 -1 0
0 10 -1 -1 0 0 0 -1

which is the case W5 in [Ta, p. 187]. The corresponding 3-dimensional algebraic
torus is not stably rational by [Ku, Theorem 1]. See [Ku, p. 9, line 5 from the
bottom)] also.

In conclusion, the only non-rational situation happens if and only if | G |= 8
and d = 2. |
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Proof of Theorem 1.4: Applying Proposition 3.1, Proposition 3.3 and Propo-
sition 4.3, we are able to obtain the rationality criterion we desire together
with the property that, if K(z1,z2,23)<°” is not rational, then it is not stably
rational.

It remains to prove that, if the fixed field is not rational, then it is not retract
rational. By Proposition 4.3 and Theorem 1.3, we find that the algebraic torus
Ws [Ta, p. 187] defined over K is not retract rational over K. It follows again
from Proposition 4.3 that any non-rational fixed field is not retract rational.
|

Proof of Theorem 1.5: If some f;(T) € KI[T] is reducible, apply Proposition
3.1

Hence we may assume that f;(T) € KIT] is irreducible for 1 < ¢ < 3 from
now on.

Case 1: If all f;(T) are separable, apply Proposition 4.3. Note that none of
ord();) is an even integer.

Cask 2:  Only one of f;(T) is separable.

We may assume that fi(T) is separable and fo(T) = T2% +a, f3(T) = T? +b.
We may assume that o(z2) = a/z2,0(x3) = b/z3. Clearly %(z2) = 2o and
o%(z3) = x3.

Let L = K(a) where f1(T) = (T — a)(T — ). Define A = o/8 and 7: a + f3;
G =< 1 > is the Galois group of L over K.

Apply the standard arguments in this paper. Write L(z;) = L(X) with
c-X=MX,7-X =1/X.

Casg 2.1:  ord(A) = co.

Then K (z1,%9,73)<°> = L(X1,2s,23)<¢7> = {L(X,zz,x3)<"2>}<"’c> =
L(x2,23)<"%> = {L(zq,23)®}<"> = K (2, 23)<°> is rational by Theorem 1.1.
CASE 2.2:  ord(\) < oo.

It is necessary that ord()) is odd. Call m = ord()A). Then ord(s) = 2m.

By Liiroth’s Theorem, K (z1)<?” = K (w) for some w € K(z;). By Theorem
1.2, K(z2,23)<°” = K(u,v). Since

[K(z1): K(w)l =m and [K(zs,73): K(u,v)] = 2,
it follows that

[K(x1,22,23) : K(u,v,w)] = 2m = [K (21, 22,23) : K(21,22,73)°7).



90 M.-C. KANG Isr. J. Math.
Thus K(z1,%2,73)<°” = K(u,v,w) is rational.

CASE 3:  Precisely two of f,(T) are separable.

We may assume that both f1(T’) and fo(T') are separable and f3(T) = T? +a.

Let L = K(ay,as) where f,(T) = (T — a;)(T — 53;) for i =1 or 2. Let G be
the Galois group of L over K. Note that |G| = 2 or 4.

As in Case 2, we may assume that o(z3) = a/z3 and there exists X; € L(z;)
for i = 1 or 2 such that K(z),2s,23)<"> = L(X1, Xo,23)<%7>, 0(X;) = A X;
where \; = a,/0;.

CasE 3.1: Both A\ and Ag are roots of unity.

The order of the restriction of o to K(z;,x2) is lem{ord(A;),ord(Az)}. Call
it m. Note that m is an odd integer and ord(c) = 2m.

By Theorem 2.3, K(x1,22)<°" is rational. Now proceed as in Case 2.2. It is
easy to see that K (z1,z2,23)<°” is rational.

CASE 3.2: The multiplicative group < A1, A2 > is isomorphic to Z2.
Then K (zy,%5,23)<°> = L(Xy, Xa,23)<%7> = {L(X}, Xa, x5)<0" >}<:G>
= L(23)<%7> = K(23)<°> is rational.

CASE 3.3:  The multiplicative group < A, A2 >~< g > x < v > where < p >
is a finite group of order m and < v >~ Z. Clearly m is an odd integer.

It is not difficult to find Y7,Y2 €< X;, X2 > such that < X, Xy >
=< Y.,Y; > and G(Yl) = fz‘/YI,U(YQ) =vYs.

Now K (x1,s,23)<°> = L(Yl,Yz,x3)<G"’> — {L(Y'l’y2,$3)<a2>}<a,G> —
L(Y™, 23)<¢>. Define y = 1/(1+Y™). Theno-y=yand7-y=yory+1
for any 7 € G, because G sends the multiplicative group < Y™ > onto itself by
Lemma 3.2. Apply Theorem 2.1 and find 2 € L{y,x3) witho -2 =7-2 =z for
any 7 € G. Thus L(y, x3)<%®> = L(z3)<%>(2) = K(x3)<°>(z) is rational.
|

Finally, we reformulate Theorem 1.3. as follows.
THEOREM 4.4: Let K be any fleld with char K # 2 andn > 3. If
o: K(x1,...,2,) — K(21,...,2,)

is a K-automorphism defined by o -x; = a;/x; wherea; € K\ {0} for1 <i <mn,
then K(xy,...,2,)<9” is not rational over K if and only if

[K(V/ar, ..., an) : K] > 8.
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If K(z1,...,7,)<%" is not rational, it is not retract rational.

Proof: Let < ay,...,a, > generate a group of order 2% in K*/K*2. Tt follows
that 2 = [K(\/a1,...,/an) : K].

If & < 2, we shall prove that K(zy,...,2,)<?” is rational. Suppose that
k = 2 and a;, aq generate < ay,...,a, > in KX/K“. If a3 = aja2b? for some
by € K \ {0}, define y3 = z3/(bsz122); if as = a1bi, define y4 = x4/(baz1).
In this way we find ys,...,y, such that K(z1,...,2,) = K(z1,22,93,---,Yn)
and ¢ -y; = 1/y; for 3 < ¢ < n. Define z; = (1 + y;)/(1 —y;) for 3 < i < n.
We find ¢ - 2;, = —2;. Apply Theorem 2.2 and Theorem 1.1. We find that

K(z1,%2,23,...,2,)<% is rational. The case when k = 1 or 0 can be treated
similarly.

Assume k > 3. Without loss of generality we may assume that a1,as,...,as
generate < ai,...,an > in K* /K2, Proceed as above and find z41,..., 2y
such that K(z1,...,z,) = K(x1,..., Tk, 2k41,-.-,%n) and o - z; = —z; for
k+1<i<n. By Theorem 2.1 find uj+1,.-.,u, such that K(x1,...,z,) =
K(z1,..., Tk, Ukt1, ..., Uy) With 0-u; = u; for k+1 <1 < n. It suffices to show
that K(x1,...,74)<?” is not retract rational.

Let L = K(\/as,..., /a;) and extend the action of ¢ to L(zy,...,zx) by
o/ = /a; for 4 < j < k. If L(zy,...,24)<7> is not retract rational over L,

then K(z,...,2;)<%” is not retract rational.
Within L(z1,...,y), define y; = x;/,/a; for 4 < j < k. Then o -y; = 1/y;.
Thus we may find wug, ..., ux such that L{xy,...,zx) = L(z1, 22,23, uq, ..., ux)

with o-u; = u; for4 < j < k. Since [L( /a1, /a2, /a3) : L]=8, L{z1,x2,23)<"~
is not retract rational by Theorem 1.3. Tt follows that L(zy, z2, 73, t4,. . . ,ug) <~
is not retract rational over L. ]

Remark: We don’t know how to generalize Theorem 4.4, i.e. what would be a
necessary and sufficient condition for K(z1,...,2,)<°” being rational over K if
n >4, char K # 2 and o-z; = (a;2;+b;)/(c;izi+d;) where a;d; —byc; # 07 Using
Theorem 1.4 it is not difficult to check that the following three assumptions
guarantee that the fixed field is not retract rational: (i) for 1 < i < n, each
fi(T) is separable irreducible, (ii) the Galois group of fi(T') fo(T) - - fo(T) is of
order 2™, and (iii) at least three among ord(c;) are even integers where 1 < ¢ < n.
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