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A B S T R A C T  

Let K be any field which may not be algebraically closed, K(x l ,  x2, x3) be 

the rational function field of three variables over K, and a: K ( x l ,  x2, x3) 

----+ K(x l ,  x2, x3) be a K-automorphism defined by 

a .xi  = (aixi + bi)/(cixi + di) 

whereai ,b i ,c i ,d i  E K and a i d i - b i c i  r O. Let ai = ( ai b i )  
ci di E 

PGL2(K) ,  f i (T)  = T 2 - (ai d- di)T + (aidi - bici) e K[T] be the 
"characteristic polynomial" of ai.  

THEOREM: Assume that c h a r K  r 2. Then the fixed field 
K ( x l ,  x2, x3) <a> is not rational (=purely transcendentM) over K i f  and 
only if  (i) for each 1 < i < 3, f i (T)  is irreducible; (ii) the Galois group 

of f l (T ) f2 (T ) fa (T )  over K is of order 8; and (iii) for each 1 < i < 3, 
ord(cri) is an even integer. 

1. I n t r o d u c t i o n  

Let K be any field, K(x l , . . . ,Xn )  be the rational function field of n vari- 

ables over K.  If G is a finite subgroup of GLn(K), then G acts naturally 

on K(x l , . . . ,Xn )  by K-automorphisms defined by a . x j  = El<i<naijxi if 

(7 = (aij)l<i,j<_n E G. Noether's problem asks: under what situations is the 

fixed field K(x l , . . . ,Xn )  ~ = {f  E K ( X l , . . . , X n )  : a .  f = f for any a E G} 

rational (=purely transcendental) over K?  Noether's problem is related to the 

existence of the generic Galois G-extensions over K ,  which will imply an affir- 

mative answer to the inverse Galois problem in case the base field is an algebraic 

Received May 1, 2003 and in revised form July 11, 2004 

77 



78 M.-C. K A N G  Isr. J. Ma th .  

number field. For a survey of Noether's problem and related topics, see [Sw2, 

Sa2, Ke, Ka2]. 

In solving Noether's problem, it is almost inevitable to consider the rationality 

problem of group actions other than finite subgroups of G L n ( K ) .  For example, 

consider the K-antomorphism a: K ( x l , . . . ,  x,~) ) K ( x l , . . . , x n )  defined by 

a . x i  = a i / x i  where ai E K \  {0}. Giles and McQuillan provided the first answer 

to the rationality problem of this kind. 

THEOREM 1.1 (Giles and McQuillan [GQ]): Let K be any tleld and a: K ( x ,  y) 

) K ( x ,  y) be a K-automorphism deIined by cr �9 x = a /x ,  a . y  = b/y where 

a, b E K \ {0}. Then K ( x ,  y)<~> is rational over K .  

In [GQ] only the rationality is asserted; the explicit generators for K ( x ,  y)<~> 

are given in 

THEOREM 1.2 ([HK1, (2,7) Lemma; Kal, Theorem 2.4]): Let the assumptions 

be the same as in Theorem 1.1. Then K ( x , y )  <~> = K ( u , v )  where 

x - (a/x) ~ - @/u) 
? . t - -  V - -  

xy - (ablxy)' xy - (ablxy) 

The situation of n = 3 is rather intricate and is solved by Saltman. 

THEOREM 1.3 (Saltman [Sa3]): Let K be any field with charK r 2, and 

~: K(Xl ,X2,X3)  ---+ I((Xl ,X2,X3) be a K-automorphism defined by a �9 xi = 

a J x i  where ai E K\{0}.  If  [K(v/-~-, xfd-~, v/-d-~) : K] = 8. Then K ( x l ,  x2, x3) <~> 

is not retract rational over K .  

Note that rationality implies stable rationality, and stable rationality implies 

retract rationality. 

We remark that the article [Sa3] exemplifies elegantly the machinery of retract 

rationality developed by Saltman in [Sal] via solving this concrete case that 

K ( x l ,  x2, x3) <r is not retract rational; meanwhile, a necessary and sufficient 

condition for K(Xl, . . . ,Xn) <r to be rational (if n _> 3) can be deduced from 

Theorem 1.3 easily. (See Theorem 4.4.) On the other hand, in view of Theorem 

1.3, it will be interesting to consider the general case: 

a . x i  = (aixi + b~)/(cixi + di), 

i.e. the K-automorphism provided by the projective transformation on 
]p1 • l?l • ipl. Note that the answer to the 2-dimensional case is always 

affirmative. (See Theorem 2.3.) The main results of this paper are the 

following. 



Vol. 146, 2005 SOME GROUP ACTIONS ON K(xl, x2, xa) 79 

THEOREM 1.4: Let K be any field with char K ~ 2, and a: K ( x l , x 2 , x 3 )  

K ( x l ,  x2, x3) be a K-antomorphism defined by (7 �9 xi = (aixi + bt)/(cixi + dr) 

where ai, bi, ci, di E K and aidi - bici ~ O. Let 

ai = C PG L 2 (K) ,  
ci di 

and f~(T) = T 2 - (at + di)T + (aidi - btci) e KIT] be the "characteristic 

polynomial" ofai .  Then K ( x l ,  x2, x3)<~> is not rational over K / / ' a n d  only i f  (i) 

for each 1 < i < 3, f i (T)  is irreducible; (ii) the Galois group of  f l ( T ) f 2 ( T ) f a ( T )  

over K is of  order 8; and (iii) for each 1 < i < 3, ord(ai) is an even integer. I f  

K(Xl, x2, x3) <~ is not rational, it is not retract rational over K.  

THEOREM 1.5: Let the assumptions be the same as in Theorem 1.4 except that 

we now assume char K = 2. Then K(Xl ,  x2, x3) <~> is always rational over K 

except possibly the case where, for each 1 < i < 3, f t (T)  is irreducible and is of  

the form T 2 - ai. 

Note that ,  in the exceptional case of the above Theorem 1.5, we can find 

Yl,Y2,Y3 E K ( x l , x 2 , x 3 )  such that  K(Xl,X2,X3)  = K(y l , y2 ,y3)  and a . y i  = 

aJy~. We do not know the answer to this exceptional case. 

We explain briefly the idea of the proof of Theorem 1.4. We embed 

K ( x l ,  x2, x3) in K(v l ,  wl,  v2, w2, v3, w3) by xi = v J w i .  We extend the action 

by a(vi) = a~vt + biw~, a(wt) = civi + dtwi. The case when f~(T) is reducible 

or when ord(ai) is infinite for some i is easy and is t reated first. So we may 

consider only the situation when all f i (T)  are irreducible. Let L be the splitting 

field of f l ( T ) f 2 ( T ) f 3 ( T )  over K.  While the action of a on K(x i )  is fractional 

linear, the action becomes linear in L(xi),  i.e. there exist X1, X2, X3 such that  

L(Xl,X2,X3) = L ( X 1 , X 2 , X 3 )  and ~(Xi)  = XiXi  where At E L and ord(~i) = 

oral(oh). Carrying out a long and tedious analysis of these orders, we are able 

to find z l , z2 ,z3  E< X 1 , X 2 , X 3  > such that  L ( X 1 , X 2 , X 3 )  <~> = L(z l , z2 ,z3) .  

Since K(Xl,X2,Xs) <~> = L(z l , z2 ,z3)  G where G = Gal (L /K) ,  the question 

is reduced to the birational classification of algebraic tori. Apply Voskresen- 

skii's Theorem on two-dimensional algebraic tori and Kunyavskii's Theorem on 

three-dimensional algebraic tori. We will get a rationality criterion. The above 

method is valid not only for fields K with c h a r K  ~t 2, but also for the charac- 

teristic two case provided that  all the polynomials f t (T )  are separable. We then 

use Saltman's Theorem combined with Kunyavskii's Theorem to show that ,  if 

some fixed field is not rational, then it is not retract rational. 
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STANDING NOTATION�9 In this paper, K will always denote a field; it is unnec- 

essary to assume that  char K = 0 or K is algebraically closed. K ( x t , . . .  ,Xn) 

denotes the rational function field of n variables over K.  A field extension L of 

K is rational over K if L is purely transcendental over K,  i.e. L _~ K ( X l , . . . ,  Xn) 

for some n; L is called stably rational over K if there exist elements Y l , . . . ,  YN, 

algebraically independent over L such that  L ( y l , . . .  ,YN) is rational over K.  

The reader is referred to [Sal] for the definition of retract rationality. If g is an 

element in some group G, ord(g) denotes the order of g; in particular, if A is 

some non-zero element in a field, ord(A) < c~ is nothing but that  A is a root of 

unity. 

2. General i t ies  

First we recall several results which will be used repeatedly throughout this 

article. 

THEOREM 2.1 ([HK2, Theorem 1]): Let G be a finite group acting on 

L ( x l , . . . ,  Xn), the rational function field of n variables over a field L. Suppose 

that 

(i) for any a �9 G, a(L) C L; 

(ii) the restriction of the actions of G to L is faithful; 

(iii) for any a �9 G, 

(~ / (Xxln) �9 = d ( a )  + B ( a )  

where A(a)  6 GLn(L)  and B(a)  is on n x 1 matrix  over L. 

Then there exist Z l , . . . ,  zn �9 L ( x l , . . . ,  xn) such that 

L ( x l , . . . ,  xn) = L ( z l , . . . ,  zn) 

with a(zi) = zi for any a 6 G, any I < i < n. 

THEOREM 2.2 ([AHK, Theorem 3.1]): Let G be any group whose order may  be 

finite or infinite. Suppose that G acts on L(x) ,  the rational function field of one 

variable over a field L, such that, for any a 6 G, a(L)  C L and a(x) = aa. x + ba 

for some a~,ba 6 L with a~ # O. Then L(x)  G = L G or LG( f (x ) )  where 

f ( x )  6 L[x] is of  positive degree. 
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THEOREM 2.3 ([AHK, Theorem 1.4]): Let K be any field and a: K ( x l ,  x2) > 

K ( x l , x2) be a K-automorphism defined by a . x i = ( a i  x i + bi ) / ( ci x i + di ) where 

ai, bi,ci,di E K with aidi - bici ~ O. Then K ( x l , x 2 )  <~> is rational over K .  

Finally, we recall two results about algebraic tori. For general notions of 

algebraic tori we refer to Voskresenskii's monograph [Vo2]. Here, we just give 

an algebraic formulation of an algebraic torus defined over a field K: Let L 

be a finite Galois extension of K with Galois group G, L ( x l , . . . , x n )  be the 

rational function field of n variables over L, and p: G ---+ GLn(Z)  be a group 

homomorphism. Then the action of G on L can be extented to L ( X l , . . . , X n )  

by 

T ' X j  ---- I I  xn~j 
l<i<n 

where p(T) = (niy)l<_i,j<_n �9 GLn(Z)  for any v �9 G. The fixed field 

L ( x l , . . . , X n )  a is the function field of some n-dimensional algebraic torus 

defined over K and split by L. 

THEOREM 2.4 (Voskresenskii [Vol]): All the two-dimensional algebraic tori are 

rational 

Remark: The birational classification of three-dimensional algebraic tori is 

proved by Kunyavskii [Ku]. See [Ku, Theorem 1] for details. Note that  the 

notation for various integral representations p: G > GL3(Z) in [Ku, Theorem 

1] is different from that  in [Ta]; however, a correspondence of these two systems 

of notation can be found in [Ku, pp. 9-11]. 

COROLLARY 2.5: Let L be a finite Galois field extension of a field K with 

Galois group G, p: G -~ GL3(Z) a group homomorphism. Let G act on the 

rational function field L(x l ,  x2, x3) as described before. I f  p is a decomposable 

representation, then L(x l ,  x2, x3) a is rational over K .  

Proof: Since p is decomposable, we may assume that  r (x l ) ,  r(x2) E< xl ,  x2 >, 

v(x3) = x3 or x~ -1 for any r E G where < x l , x2  > is the multiplicative subgroup 

generated by Xl and x2. 

Define y = ( l + x 3 ) / ( 1 - x 3 )  if c h a r K  r 2 (resp. y = 1 / ( l + x 3 )  if c h a r K  = 2). 

Then r(y) = y or --y (resp. T(y) = y or y + 1). Apply Theorem 2.1. It suffices 

to consider the rationality of L(Xl,  x2) G. But L(x l ,  x2) a is rational over K by 

Theorem 2.4. | 
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3. T h e  f irs t  s t ep  o f  t h e  p r o o f  

We shall prove Theorem 1.4 and Theorem 1.5 together. Thus in this section, 

K is any field unless otherwise specified, a: K(Xl,X2,X3) ~ K(Xl,X2,X3) is 

the K-automorphism considered in Theorem 1.4 and Theorem 1.5. Recall the 

definitions of a l ,  a2, ~3 and f l  (T), f2(T),  f3(T) there. 

For 1 < i < 3, define Vi = Kvi  + Kwi  with a acting on the rational function 

field of six variables over K ,  K(v l ,  wl, v2, w2, v3, wu), by a �9 vi = aivi + biwi, 

a . wi = civi + diwi. We may identify xi with vi/wi.  

PROPOSITION 3.1: If  f i (T)  is reducible for some i, then K(Xl,X~,X3) <~> is 

rational over K .  

Proof: We may assume that  f3 (T) is reducible. Thus the eigenvalues of a3 

lie in K and we may find v4, w4 E V3 such that  V3 = Kv4 + Kw4 and w4 is 

an eigenvector of a when a is restricted to V3. Clearly, K(x3) = K(y )  where 

y = v4/w4; moreover, a(y)  = ay+l~ for some a,/3 E K with a ~ 0. By Theorem 

2.2, K(Xl,  x2, x3) <~> = K ( x l ,  x2, y)<~> is rational provided that  K(Xl,  x2) <~> 

is rational. But K(Xl ,  x2)<~>is rational by Theorem 2.3. | 

Because of Proposition 3.1 we will assume that  f l (T) ,  f2(T),  f3(T) E K[T] 

are separable irreducible from now on. Note that  this assumption will take care 

of the remaining part  of Theorem 1.4 and parts of Theorem 1.5. 

Let c~i,/~i be the roots of f i (T)  = 0 in some extension field of K.  Let L = 

K((~I, a2, c~3) and G = Gal(L/K)  be the Galois group of L over K.  Note that  

IGI = 2, 4 or 8. Define 

)~i=c~i/~i f o r l < i < 3 .  

Note that  ord(ai) = ord(Ai). For each 1 < i < 3, find a vector ui E Vi 

such that  ui and a �9 ui form a basis of V/. (This is possible because f i (T)  is 

irreducible.) Define Y/, Zi E Vi | L by 

Y / =  - Zi)u , z i  = - 

We shall extend the actions of a and G to L(xl ,  x2, x3) and L(vl ,  Wl, v2, w2, 

v3,w3) by requiring a(c~i) = c~i,7-(xi) = X i , T ( V i )  = V i , T ( W i )  ~-- Wi f o r  any 

1 < i < 3 and any V E G. Define Xi  E L(vi, wi) by Xi = Yi/Zi.  It follows that  

L(xi) = L(Xi )  for 1 < i < 3. It is easy to verify that  

0"" Yi  -~ oliYi ,  (7. Z i : / ~ i Z i ,  o ' .  X i  : ,~ iX i .  
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Moreover, for any ~- C G, we find tha t  

{Z~ if r .  a i  = ~ ,  
r . Y i =  y~ i f r .a~=a~ .  

Hence for any ~- E G, 

Note tha t  

Xi  = ~ l / X i  i f r . a i = / 3 i ,  
T "  [ Xi if r �9 a i  = a/ .  

83 

K ( x l ,  x2, x3) <~> = {L(x~, x2, x3)G} <(r> 

= L(x l ,  x2, x3) <G'~ 

= L(XI ,  X2, X3) <G'~>. 

Let < X 1 , X 2 , X 3  > : =  { X ~ I X ~ 2 X ~  3 E L ( X 1 , X e ,  X3) \ {0}: n~,n2,n3 E 7/,} 

and define a G-equivariant map ~ by 

~: < X 1 , X 2 , X 3  > ~ L • 

X ~ l  n2 n3 n l  n2 n3 n l  n2 n3 
X 2 X 3 ~ a ( X  1 X 2 X 3 ) / X  I X~ X 3 . 

Since < X ~ , X 2 , X 3  > is isomorphic to a free abelian group of rank three, 

it follows tha t  Ker ~ is a free abelian group of rank k < 3. Thus Ker ~ = 

< M1, . .  Mk > where each Mj alj a2j a3~ ., = X 1 X 2 X 3 with aij E Z. It  follows that  

L[X1 ,X2 ,X3 ,  1/(X1X2X3)] <~> = L[M1, . . . ,Mk] .  Since L(X1,X2,  X3) <~> 

L[X1,X2,A31 (see the proof of [AHK, equals the quotient field of - -~ 1<~> 

Theorem 3.1]), it follows that  K ( x l ,  x2, x3) <~> = L ( M 1 , . . . ,  M~) G. 

LEMMA 3.2: For each v E G, ~" . Mt = M b~'~ . ~/rb~" for 1 < l < k where bi I E 

Z.  In particular, L ( M 1 , . . . ,  Mk) a is the function ~eld of some k-dimensional 

algebraic torus deigned over K and split by L. 

Proof." Since ~ is G-equivariant,  it follows tha t  Ker ~ inherits a G-module 

structure from that  of < X1, X2, X3 >. Thus v .  Mt C< M 1 , . . . ,  Mk > for any 

T E G .  | 

PROPOSITION 3.3: Suppose that f i (T)  E K[T] is separable irreducible for each 

1 < i < 3. Assume furthermore that either IGI = 2 or ord(a~) is infinite for 

some 1 < i < 3. Then K ( x l , x 2 , x 3 )  <~> is rational over K .  

Proof." If ord(ai)  = ord(Ai) is infinite, then the rank of the image of ~ is > 1 and 

rank(Ker  ~) < 2. If rank(Ker(~))  = 2, then K(Xl ,  x2, x3) <~> : L(M1, M2) c is 
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rational by Theorem 2.4. If rank(Ker ~) = 1, then L(M1)C is of transcendental 

degree one and K ( x l ,  x2, x3)<~> is rational by Lfiroth's Theorem. 

Now assume that  IG I = 2. Write G = <  7 >. By Reiner's Theorem on integral 

representations of cyclic groups of order p [Swl, Theorem 4.19, p. 74], there exist 

N I , . . . ,  Nk such that  < M I , . . . ,  Mk > = <  N 1 , . . . ,  Nk > and ~-. Ni = N~ ~ where 

ei = 1 or - 1 .  I f c h a r K  ~ 2, define Ai = (1 - N i ) / ( I + N ~ ) .  We find T'Ai  = eiAi. 

Thus L ( M ~ , . . . ,  Mk) = L ( N ~ , . . . ,  Nk) = L ( A 1 , . . . ,  Ak). Apply Theorem 2.1 to 

find B 1 , . . . , B k  such that  T(Bi) = Bi and L ( A 1 , . . . , A k )  = L ( B 1 , . . . , B k ) .  

Thus L ( M 1 , . . . , M k )  c = L ( B 1 , . . . , B k )  G = L a ( B 1 , . . . , B k )  = K ( B 1 , . . . , B k )  

is rational over K.  If char K = 2, define Ai = 1/(1 + Ni). We find that  

~- �9 Ai = Ai or Ai + 1 according to ei = 1 or - 1 .  Use Theorem 2.1 again and 

proceed as before. We find K ( x l , x 2 , x 3 )  G is also rational. | 

Because of Proposition 3.1 and Proposition 3.3, from now on we shall assume 

that  (i) each f i (T)  E K[T] is separable irreducible, (ii) [G[ = 4 or 8, and (iii) 

ord (ai) = ord(Ai) is finite for 1 < i < 3. We shall analyze the orders of Ai in 

the remaining part  of this section. (Remember that  ord(Ai) is an odd integer 

whenever char K = 2.) 

Let oi = ord(Ai) and d = gcd{ol, 02,03}. If {i, j ,  k} = {1, 2, 3}, define ei = 

gcd{oj, ok} /d  and hi = oi/(dejek).  Since gcd{ej, ek} = 1, all the ei and hi are 

integers. 

In summary, we have the following properties whose proof may be verified by 

comparing the exponents of a fixed prime number. 

(i) Ol = de2e3hl, 02 = dele3h2, 03  = dele2h3; 

(ii) gcd{ol, 02,03} = d, gcd{Ol, 02} = de3, gcd{ol,03} --- de2, gcd{o2, 03} = 

de1; 

(iii) el, e2, e3 are pairwisely relatively prime; hi, h2, h3 are pairwisely relatively 

prime; gcd{ei, hi} = 1 for 1 < i < 3; 

(iv) lcm{ol, 02, 03} = dele2e3hlh2h3. 

Define E = dele2e3 and F = Ehlh2h3. Then o "E �9 X i  -: AEx i  for 1 < i < 3 

and ord(a) = F.  

Define Yi = X h~ for 1 _< i _< 3. It follows that  L ( X 1 , X ~ , X 3 )  < ~ >  = 

L(yl ,  Y2, Y3). Moreover, if 7 E G, then 

= f Yi if v �9 c~i = ai, 
T @ Yi [ 1/yi i f T . a i = / ~ i .  

We write ~i = A h~. Thus a "Yi -- ~iYi and ord(~l) = de2e3, ord(~2) = dele3, 

ord(~3) = dele2. Note that  the order of a E Aut(L(yl ,  y2, y3)) is E ( =  dele2e3). 
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Now consider the act ion of G on L(y l ,  Y2, Y3). 

Note  tha t  [ K ( a i )  : K]  = 2 for 1 < i _< 3. If  IGI = 4, then either of 

K ( a l ) , K ( a 2 ) ,  K ( a 3 )  are distinct subfields of L or precisely two among  

K ( a l ) ,  K(a2 ) ,  K ( a 3 )  will coincide; in the lat ter  si tuation, we may  assume tha t  

K ( a l )  = K ( a 2 )  without  loss of generality. Hence we have the following 

possibilities. 

CASE 1: [G I = 4 and G = <  TI,V2 >. 

CASE 1.1: K ( a l )  = K ( a 2 ) .  

"I-2: O~l ~-~ OLl~ 0~2 ~ OL2, 

CASE 1.2: All the K ( a i )  are distinct. 

7-1:O~1 ~ i l l ,  C~2 ~ O~2, 

C A S E  2:  IG[ = 8 and G = <  T1, v2, 73 >.  

O~ 3 ~ O~ 3 

O/3 ~ ]~3" 

C~3 ~ ~3~ 

O~3 ~ /~3" 

Now we will find new variables w, z2, z3 such tha t  L ( y l ,  y2, Y3) = L (w ,  z2, z3) 

satisfying cr �9 w = ~ �9 w, a �9 z2 = z2, a �9 z3 = z3 where ~ is a primitive E - t h  root  

of unity. 

In fact, we will choose ~ as follows. Let ~ be a primitive E - t h  root  of uni ty  

such t h a t  ~el = ~1. Note  tha t  ~ is a genera tor  of  the cyclic group < ~1, ~2, ~3 >.  

For 2 < i < 3, since < ~i > and < ~e~ > are the same cyclic subgroup,  we may  

write ~,~ = ~ ,e ,  for an integer ci satisfying the p roper ty  tha t  gcd{ci,  E / e i }  = 1. 

Since el and c2e2 are relatively prime, we may  find integers a and b so tha t  

ael  + bc2e2 = 1. 
a b - -ac3e3 -bc3e3at 3 Define w = YlY2, z2 = Yl e2e2y~, z3 = Yl Ye u �9 Since 

det el -bc3e3 = 1, 

0 1 

we find tha t  L ( y l ,  Y2, Y3) = L (w ,  z2, z3). I t  is easy to see tha t  a . w  = ~.w, a .z2  = 

z2, a " z3 = z3. I t  follows tha t  L ( y l ,  Y2, Y3) <~> = L ( z l ,  z2, z3) where Zl = w E. 

TI: O~ 1 ~ ]31, O~ 2 b-} O~2, OL 3 ~ O~ 3 

T2: 0~1 I"-)" OZl~ 0~2 e---} /~2~ 0:3 ~ 0~3~ 

T3:O/1 ~ Ol1, OL2 ~ O~2, OL3 ~ ]~3" 
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Note that,  for 1 < i < 3, Yi is fixed by a. Thus it belongs to L(Zl ,  z2, z3). 

Although we will not use the following explicit formula, we record it here: 
yEllel : ZlZ2 bElel, yE21e2 : Z'l~c2-aE/e2~2 ' Y3-Ele3 : Z~3Z3 Ele3" 

It is routine to verify the actions of G on Zl, z2, z3. We list them as follows. 

C A S E  1.1: 

C A S E  1 .2 :  

C A S E  2:  

K(O~l)  = K(o~2) .  

7-1: Zl ~-~ Z l  1, 

7-2: Zl ~ Zl ,  

All the K(a i )  are distinct. 

71: Zl ~ y l a E y  bE, 

72: Zl ~-+ y~Ey~bE, 

IGl=8. 

TI: Zl ~-+ y l a E y  bE, 

aE -bE 
T2:Zl  ~ y l  Y2 , 

T3: Zl ~-~ Zl ,  

~.,2c3e3 Z2 ~ Z21,  Z 3 ~ Z3uJ , 

Z2 ~ Z2, Z3 ~ Z31W -2c3e3. 

Z2 ~ 7. 21y2el, 

z2 ~ z2y~ ~',  

~--1~ -2bc3e3 
Z3 ~-'} ~3 Y2 

-1 -2ac3e3 z3 ~-+ z 3 yl 

z2 ~ z21y~ el, z3 ~ z3y~ a~3e3, 

Z ~ --2el ~ ~2bc3e3 
Z2 e-+ 2Y2 , Z3 e'~ ~3Y2 , 

Z2 ~ Z2, Z3 ~-~ z3Y3 2 

In view of Lemma 3.2 with {M1, . . . ,  M k }  = {Zl, z2, z3}, it is necessary that  
(i) w 2~3~3 C< Zl ,Z2 ,Z3  > for Case 1.1, (ii) 2acae3 2~1 2bc3e3 Yl , Y2 , Y2 E < Zl, Z2, Z3 > 
for Case 1.2, (iii) 2ac3e3 2el ..2bc3e3 ,,2 Yl , Y2 , Y2 , y3 E <  Zl ,  z2,  z3 > for Case 2. 

LEMMA 3.4: 

(i) In Case 1.1, it is necessary  that  E / e a  = 1 or 2. 

(ii) In both Case 1.2 and Case 2, i t  is necessary that  E = 1 or 2. 

Proof: (i) Since w 2c3e3 E< z l , z 2 , z 3  >, w 2c3e3 is fixed by a. On the other 

hand, a .  w = ~. w. Thus ~2c3e3 = 1. Since ~c3~3 = ~3, it follows that  ~ = 1. 

Hence 2 is divisible by E/e3 .  

(ii) Since a ' y l  = ~ l ' Y l , a ' y 2  = ~2"Y2, it follows that  2ac3e3 is divisible 

by E / e l ,  and both 2el and 2bc3e3 are divisible by E/e2 .  It follows that  all 

of 2ac3ele3, 2ele2, 2bc3e2e3 are divisible by E. Since ac3ele3, ele2, bc3e2e3 are 

relatively prime, hence E will divide 2. | 
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4. M a i n  resu l t s  

We will retain the assumpt ions  and nota t ion  in Section 3 until we finish the 

proof  of Propos i t ion  4.3. In part icular ,  recall K ( x l ,  x2, x3) <~> = L(Zl,  z2, z3) C. 

LEMMA 4.1: In both Case 1 and Case 2, i r E  = 1, then K ( x l , x 2 , x 3 )  <a> is 

rational over K .  

Proof: Note tha t  K ( x l , x 2 , x 3 )  <~> = L(yl ,y2,y3)  <~'a>. Because E = 1, all 

the Yi are fixed by a. It  remains to consider L(yl ,y2,Y3) a, which is rat ional  

over K since the associated representat ion G -~ GL3(Z)  is decomposable  and 

thus we may  apply Corol lary 2.5. | 

LEMMA 4.2: In both Case 1.2 and Case 2, if  E = 2 and d = 1, then 

K (Xl, x2, x3) < ~ > is rational over K.  

Proof: We will prove the s i tuat ion e3 ---- 2 only; the proof  of other  si tuations 

are a lmost  the same. 

Note tha t  o.y l  = - y l , a ' y 2  = - y 2 , a ' y 3  = Y3. Define wl = ylY2,W2 = y l l y2 .  

It  follows tha t  L(yl ,  y2, Y3)<~> = L(Wl, w2, Y3). The  actions of G on Wl, w2, Y3 

for Case 1.2 (resp. Case 2) arise f rom a decomposable  integral representat ion.  

Thus  L(wl ,  w2, y3) c is rat ional  over K by Corol lary 2.5. | 

PROPOSITION 4.3: Assume tha t  f i (T)  E K[T] is separable irreducible and 

ord(Ai) < ec for 1 < i < 3. Then " ~<~> K(Xl ,X2,X3j  is not rational over K 

i f  and only i f  [G[ = 8 and ord(Ai) is an even integer for 1 <_ i <_ 3. I f  

K ( x l , x 2 , x 3 )  <~> is not rational over K ,  it is not stably rational over K;  in 

this situation, K ( x l , x 2 ,  x3j~<~> is isomorphic over K to the function field of 

the algebraic torus W5 (see [Ta, p. 187]) defined over K.  

Proof." The  case when [G] = 2 is solved by Propos i t ion  3.3. Hence it suffices 

to  consider the case [G I -- 4 or 8. We will adopt  the nota t ion  Case 1.1, 1.2, and 

Case 2 in Section 3. 

CASE 1.1: K ( a l )  = K(a2 ) .  

By L e m m a  3.4 (i), E = e3 or 2e~. Thus  we may  write w 2c3e3 = (wE) 2c3e3/E = 

~c3 where c = 2 if E = e3, and c = 1 if E = 2e3. The  actions of G on Zl,Z2,Z3 Zl 

are given by 
EC3 TI: Zl ~ Z11, Z2 ~ Z21, Z 3 ~-~ Z 1 Z3, 

T2:zl  ~-~ zl,  z2 ~ z2, z3 ~-~ ziEC3z~ 1. 

By Corol lary 2.5, L(zl ,  z2, z3) G is ra t ional  over K.  
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CASE 1.2: All the K(ch) are distinct. 

By Lemma 3.4 (ii) either E = 1 or E = 2. 

If E = 1 (resp. E = 2 and d = 1), we may apply Lemma 4.1 (resp. Lemma 

4.2) to conclude that  K ( x l , x 2 ,  xuj- ~<~> is rational. It remains to consider the 

situation when E = d = 2. 

Note that  a ' y i  = - Y i  for 1 _< i _< 3. Define zl = y 2 y 3 , z 2  = y l y 3 , z 3  = 
--1 

YlY3 �9 Since [L(yl, Y2, Y3) : L ( z l ,  z2, z3)] = 2, it follows that  L ( y l ,  Y2, Y3) <~> = 

L ( z l ,  z2, z3). The actions of G on zl, z2, za are given by 

TI: Zl ~ Z1Z21Z3, Z21"+ Z21, Z3 ~ Z -1  3 , 

T2: Zl ~ Z l  1, Z2 ~ Z3, Z3 ~ Z2. 

The matrices associated to 7-2 and TIT2 are (10 ) (_100) 
r 2 =  0 0 , T1~'2= 1 0 --1 , 

0 1 --1 --1 0 

which is the Case W12 in [Ta, p. 174]. The corresponding 3-dimensional algebraic 

torus is rational by [Ku, Theorem 1]. See [Ku, p. 9, line 7] also. 

C A S E  2: ] G  I = 8. 

By Lemma 3.4 (ii) either E = 1 or E = 2. As in Case 1.2 it suffices to consider 

the situation when E = d = 2. 

Again a ' y i  = - y i  for 1 < i < 3. Thus L ( y l , y 2 , Y 3 )  <~> = L ( z l , z 2 , z 3 )  where 
--1 

Zl = Y2y3 , z2  = y l Y a , Z 3  = YlY3 �9 The actions of G on z l , z 2 , z 3  are given by 

7-1: Zl 1"'} Zl ,  Z2 ~ Z--1 --1 3 ' Z3 1"-'} Z2 , 

T2: Zl ~ z l l z 2 z 3 1  , Z2 I--.+ Z2 , Z 3 1---). Z3 , 

T3:Z1 ~ ZlZ21Z3~ Z2 ~ Z3~ Z3 I--} Z2. 

Thus the matrices associated to T273, rlr2 and ~'172T3 are (10!) (10 0) (10 0) 
r 2 r a =  0 0 , r l r 2 =  1 0 - 1  , r l r 2 r 3 =  0 - 1  0 

0 1 - 1  - 1  0 0 0 - 1  

which is the case W5 in [Ta, p. 187]. The corresponding 3-dimensional algebraic 

torus is not stably rational by [Ku, Theorem 1]. See [Ku, p. 9, line 5 from the 

bottom] also. 

In conclusion, the only non-rational situation happens if and only if I G l= 8 

and d = 2. l 
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Proof of Theorem 1.4: Applying Proposition 3.1, Proposition 3.3 and Propo- 

sition 4.3, we are able to obtain the rationality criterion we desire together 

with the property that ,  if K(xl ,  x2, x3) <~> is not rational, then it is not stably 

rational. 

It remains to prove that ,  if the fixed field is not rational, then it is not retract  

rational. By Proposition 4.3 and Theorem 1.3, we find that  the algebraic torus 

W5 [Ta, p. 187] defined over K is not retract rational over K.  It follows again 

from Proposition 4.3 that  any non-rational fixed field is not retract rational. 
| 

Proof of Theorem 1.5: If some fi(T) E K[T] is reducible, apply Proposition 

3.1. 

Hence we may assume that  fi(T) E K[T] is irreducible for 1 < i < 3 from 

nOW on .  

CASE 1: If all fi(T) are separable, apply Proposition 4.3. Note that  none of 

ord(Ai) is an even integer. 

CASE 2: Only one of fi(T) is separable. 

We may assume that  f l (T)  is separable and f2(T) = T 2 + a, f3(T) = T 2 + b. 

We may assume that  a(x2) = a/x2,a(x3) = b/x3. Clearly a2(x2) = x2 and 

o2 (x3) = x3. 

Let L = K ( a )  where f l (T)  = ( T -  a ) ( T -  ~). Define ~ = a / f i  and T: a ~ fi; 

G = <  v > is the Galois group of L over K.  

Apply the standard arguments in this paper. Write L(xl) = L(X)  with 

a.  X = ~X,T .  X = 1/X.  

CASE 2.1: ord(A) = c~. 

Then K(xl ,  x2, x3) <~> = L(X1, x2, x3) <G'~> = {L(X, x2, x3) <~2> }<~,c> = 

L(x2, x3) <~'G> = {L(x2, x3)C} <~> = g(x2,  x3) <~ is rational by Theorem 1.1. 

CASE 2.2: ord(A) < c~. 

It is necessary that  ord(A) is odd. Call m = ord(A). Then ord(a) = 2m. 

By Liiroth's Theorem, K ( x l )  <~> = K(w) for some w E K(Xl).  By Theorem 

1.2, K(x2, x3) <a> = K(u, v). Since 

[K(xl)  : g (w) ]  = m and [K(x2,x3): g(u,v)] = 2, 

it follows that  

[K(xl,x2,x3) : K(u,v,w)] = 2m = [K(xl,x2,x3) : K(xl,x2,x3)<~>]. 
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Thus  K(Xl ,  x2, x3) <a> = K(l t ,  v, w) is rational.  

CASE 3: Precisely two of  f i (T)  are separable. 

We may  assume tha t  bo th  f l ( T )  and f2(T)  are separable and f3(T)  = T 2 + a .  

Let L = K ( a l , a 2 )  where f i (T)  = (T - a i ) (T  - ~i) for i = 1 or 2. Let G be 

the Galois group of  L over K.  Note tha t  IGI = 2 or 4. 

As in Case 2, we may  assume tha t  a(x3) = a/x3 and there exists Xi  E L(xi)  

for i = 1 or 2 such tha t  K(Xl,X2,X3) <~> = L(X1,X2,x3)<G,~>,a(Xi)  = AiXi 

where Ai = ai//3i. 

CASE 3.1: Bo th  A1 and A2 are roots  of  unity. 

The  order  of the restriction of a to  K ( x l , x 2 )  is lcm{ord(A1),ord(A2)}.  Call 

it m. Note tha t  m is an odd integer and ord(a)  = 2m. 

By Theorem 2.3, K ( x l , x 2 )  <~> is rational.  Now proceed as in Case 2.2. It  is 

easy to  see tha t  K ( x l , x 2 , x 3 )  <~> is rational.  

CASE 3.2: The  multiplicative group < A1, A2 > is isomorphic to Z 2. 

Then  K(Xl ,  x2, x3)- ~<a> = L(X1,X2,xa)<G,a> _-- {L(Xl,X2,x3)<a2>}<cr,G> 

= L(xa) <G'~> = K(x3)  <~> is rational.  

CASE 3.3: The  multiplicative group < A1, A2 > 2 <  # > • < u > where < # > 

is a finite group of order  m and < v >_~ Z. Clearly m is an odd integer. 

It  is not  difficult to  find Y1,Y2 E <  X1 ,X2  > such tha t  < X1 ,X2  > 

= <  Y1,Y2 > and a(Y1) = #YI ,a(Y2)  = uY2. 

Now K(Xl,X2,X3) <a> = L(YI ,Y2,x3)  <a'~> = {L(YI,Y2,x3)<~:>} <~ = 

L ( Y ;  n, x3) <G'~>. Define y = 1/(1 + Ylm). Then  a .  y = y and T.  y = y or y + 1 

for any v E G, because G sends the multiplicative group < Y1 m > onto  itself by 

L e m m a  3.2. Apply  Theorem 2.1 and find z E L(y,  x3) with a -  z = T- z = z for 

any T E G. Thus  L(y, x3) <~'G> = L(X3)<~'G>(z) = K(x3)<~>(z) is rational.  

| 

Finally, we reformulate Theorem 1.3. as follows. 

THEOREM 4.4: Let  K be any  field with char K # 2 and n > 3. I f  

or: K ( x l , . . . , X n )  ) K ( X l , . . . , X n )  

is a K-automorphism defined by a "xi -- a i /x i  where ai E K \  {0} for 1 < i < n,  

then K ( x x , . . . ,  Xn) <a> is not rational over K if  and only i f  

K] > S. 
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I f  K ( x l , . . . ,  xn) <~> is not rational, it is not retract rational. 

Proof'. Let < a l , . . .  ,an > generate a group of order 2 k in K •  • I t  follows 

that  2 k = [K(Vra-i-,..., v/a~n) : K]. 

If k < 2, we shall prove that  K ( x l , .  " ~<~> . . ,Xn)  is rational. Suppose that  

k = 2 and al,a2 generate < a l , . . . , a n  > in K •  • If a3 = ala2b] for some 

b3 �9 K \ {0}, define y3 = x3/(b3xlx2); if a4 = alb 2, define Y4 = x4/(b4xl). 

In this way we find Y3,. . . ,Y~ such that  K ( x l , . . . , x n )  = K ( x l , x 2 , y 3 , . . . , y n )  

a n d a . y i  = 1/y i for  3 < i  < n. Definez~ = ( l + y i ) / ( 1 - y i )  f o r 3  < i  < n .  

We find a �9 z~ = - z i .  Apply Theorem 2.2 and Theorem 1.1. We find that  

K ( x l ,  x2, z 3 , . . . ,  Zn) <~> is rational. The case when k = 1 or 0 can be treated 

similarly. 

Assume k >_ 3. Without  loss of generality we may assume tha t  al ,  a2 , . .  �9 ak 

generate < a l , . . .  ,an > in K •  • Proceed as above and find Zk+l , . . .  ,Zn 

such that  K ( x l , . . . , x n )  = K ( X l , . . . , X k , Z k + l , . . . , Z n )  and a �9 zi = - z i  for 

k + 1 < i < n. By Theorem 2.1 find Uk+l , . . . ,u~  such tha t  K ( X l , . . . , X n )  = 

K ( X l , . . . , x k , u k + l , . . . , U ~ )  with a 'u i  = u~ for k + l  < i < n. I t  suffices to show 

that  K ( x l  . . . .  ,Xk) <~> is not retract  rational. 

Let L = K ( x / ~ , . . . ,  grd~.) and extend the action of a to L ( x l , . . . , x k )  by 

(7. ~ = ~ for 4 _< j <_ k. If L ( x l , . . . ,  xk) <a> is not retract  rational over L, 

then K ( x l , . . . ,  xk) <~> is not retract  rational. 

Within L ( x ~ , . . . ,  xk), define yj =- xj/x/-d ~ for 4 _< j _< k. Then a .  yj = 1/yj. 

Thus we may find u4 , . . .  ,uk such that  L ( x l , . . .  ,xk)  = L ( x l , x 2 , x 3 , u 4 , . . .  ,uk) 

with cr.uj = uj for 4 ~ j < k. Since [L(v/h-T , Vrh--2, v/-d3) : L] = 8, L(Xl, x2, x3) <~> 

is not retract  rational by Theorem 1.3. It  follows t h a t L ( x l ,  x2, x3, u4,.. �9 ,Uk) <~ 

is not retract  rational over L. | 

Remark: We don ' t  know how to generalize Theorem 4.4, i.e. what  would be a 

necessary and sufficient condition for K ( x l , . . . ,  Xn) <~> being rational over K if 

n ~ 4, c h a r K  ~ 2 and a.x i  = (aixi+bi)/(cix~+di) where aidi-bici  ~ 07 Using 

Theorem 1.4 it is not difficult to check tha t  the following three assumptions 

guarantee tha t  the fixed field is not retract  rational: (i) for 1 _< i < n, each 

f i (T)  is separable irreducible, (ii) the Galois group of f l ( T ) f 2 ( T ) . . ,  fn(T)  is of 

order 2 n, and (iii) at least three among ord(ai)  are even integers where 1 < i < n. 

ACKNOWLEDGEMENT: I thank the referee for his constructive comments  and 

suggestions which have much improved the final version of this article. Without  

his insistence on clarity and elegance of the proof, this article would not have 

been presented in its present form. 



92 M.-C. KANG Isr. J. Math. 

[AHK] 

[GQ] 

[HK1] 

[HK2] 

[Kal] 

[Ka2] 

[Ke] 

[Ku] 

[Sal] 

[sa2] 

[s~z] 

[Swl] 

[Sw2] 

[Wa] 

[Vol] 

[Vo2] 

References  

H. Ahmad, M. Hajja and M. Kang, Rationality of some projective linear 
actions, Journal of Algebra 228 (2000), 643-658. 

W. B. Giles and D. L. McQuillan, A problem on rational invariants, Journal 
of Number Theory 1 (1969), 375-384. 

M. Hajja and M. Kang, Three-dimensional purely monomial group actions, 
Journal of Algebra 170 (1994), 805-860. 

M. Hajja and M. Kang, Some actions of symmetric groups, Journal of Algebra 
177 (1995), 511-535. 

M. Kang, Rationality problem of GL4 group actions, Advances in Mathematics 
181 (2004), 321-352. 

M. Kang, Introduction to Noether's problem for dihedral groups, Algebra 
Colloquium 11 (2004), 71-78. 

I. Kersten, Noether's problem and normalization, Jahresbericht der Deutscher 
Mathematiker Vereinigung 100 (1998), 3-22. 

B. E. Kunyavskii, Three-dimensional algebraic tori, Selecta Mathematica 9 
(1990), 1-21. 

D. J. Saltman, Retract rational fields and cyclic Galois extensions, Israel 
Journal of Mathematics 47 (1984), 165-215. 

D. J. Saltman, Groups acting on field: Noether's problem, in Group Actions 
on Rings, Contemporary Mathematics 43 (1985), 267-277. 

D. J. Saltman, A nonrational field, answering a question of Hajja, in Algebra 
and Number Theory (M. Boulagouaz and J.-P. Tignol, eds.), Marcel Dekker, 
New York, 2000. 

R. G. Swan, K-theory of Finite Groups and Orders, Lecture Notes in 
Mathematics 49, Springer-Verlag, New York, 1970. 

R. G. Swan, Noether's problem in Galois theory, in Emmy Noether in Bryn 

Mawr (B. Srinivasan and J. Sally, eds.), Springer-Verlag, New York, 1983. 

K. Tahara, On the finite subgroups ofGL(3, Z), Nagoya Mathematical Journal 
41 (1971), 169-209. 

V. E. Voskresenskii, On two-dimensional a/gebra/c tori II, Mathematics of the 
USSR-Izvestiya 1 (1967), 691-696. 

V. E. Voskresenskii, Algebraic Groups and Their Birational Invariants, 
Translations of Mathematical Monographs, Vol. 179, American Mathematical 
Society, Providence, RI, 1998. 


